We construct a full class of nilpotent groups of class 2 of an arbitrary infinite cardinality κ. Their centers, commutator subgroups and factors modulo the center will be the same and a homogeneous direct sum of a group of rank 1 or 2. Their automorphism groups will coincide and the factor group modulo the stabilizer could be an arbitrary group of size ≤ κ.
Introduction
Some years ago Zalesskii [8] constructed a countable torsion-free nilpotent group of rank 3 and of class 2 having no outer automorphisms. This is of particular interest, because nilpotent groups often have automorphisms which are not inner. This is the case for all (non-trivial) finite p-groups [3] as well as for many classes of infinite nilpotent groups [6, 9] . Zalesskii's construction [8] was widely generalized in [2] to give the following
Theorem 1.1 [2] If H is a group then we can find torsion-free nilpotent groups of class 2 such that Aut G = H Stab G.
Here Stab G is the stabilizer of G consisting of all those automorphisms α ∈ Aut G such that α zG = 1 (zG = center of G) and α also induces the identity on G/zG.
The main result of [2] is based on a realization theorem of groups as automorphism groups of rings, also shown in [2] . This ring theoretic result was improved in [1] and in turn it gives more detailed information in applications to nilpotent groups à la Zalesskii.
In this note we want to analyze more precisely the generalized Zalesskii-construction as developed in Dugas, Göbel [2] , in particular its functorial behaviour and the structure of the nilpotent groups. Accordingly, in Section 2 we will discuss the main result from Braun [1] and we will derive, as a consequence, an improved realization theorem for groups as automorphism groups of unique factorization domains. In Section 3 we recall the generalized Zalesskii-construction. In Section 4 we investigate the structure of the nilpotent groups involved. In Section 5 we determine the essential homomorphism classes of nilpotent groups of class 2. In Section 6 we prove that the Zalesskiiconstruction is a fully faithful functor and that the underlying sets and the image of injective homomorphisms do not depend on the multiplication of the rings. Finally, in Section 7 we obtain a stronger result realizing groups as automorphism groups of nilpotent groups of class 2 modulo the stabilizer (Theorem 7.1). The improvements are the following:
• the weakening of cardinality assumptions,
• producing a maximal number of groups with prescribed automorphism groups with very similar algebraic structures such that the homomorphisms between distinct members are inessential,
• construction of fully rigid systems.
Universal algebras with two unary operations and unique factorization domains
First we want to discuss one of the main results from [1] . Here a functor F from the category A 2 of universal algebras with two unary operations to the category UFD of unique factorization domains with morphisms the ring homomorphisms is constructed with the following properties.
(i) F is almost-full and faithful, i.e. F induces a bĳection
(iii) (a) Additive groups of the image rings are independent of the operations i.e. if A = (X, α, β) ∈ A 2 then the additive group of AF depends only on the set X.
(b) Images of injective morphisms are also independent of the operations i.e. if A, B ∈ A 2 and f : A −→ B is an injective homomorphism then f F does not depend on the unary operations of A and B.
(iv) The additive group (AF) + is free abelian for all A ∈ A 2 .
(v) AF is a localization of some polynomial ring over Z, so a unique factorisation domain.
We also recall some classical results related to the above and used below.
(A) For every group H and cardinality κ ≥ |H| · ℵ 0 there is a family S of 2 κ algebras A ∈ A 2 over the same set X of cardinality κ and a faithful action of H on X such that
(B) A functor with (i), (ii) and (v) was constructed by Kollár [5] .
The structure of the groups we will construct in Section 3 depends mostly on the additive groups of the rings used and very little on their multiplicative structure. This explains why we can use F for constructing algebraically very similar groups with few homomorphisms between distinct members using (iii). We are able to say much about their structure using (iv). We would like to summarize for further references the following (ii) The automorphism groups of the rings coincide and are isomorphic to H. Proof. Let A be the disjoint union
and define three unary operations α, β, γ on it such that
Thus (A, α, β) is well-defined. Finally let
It is easily verified that (A, α, β) induces a subalgebra structure on this set A X . Let X, Y ⊆ I. Clearly if X ⊆ Y then any homomorphism of (κ, α, β) extends to a homomorphism from A X to A Y by defining it to be the identity outside κ. We must show that there is no other homomorphism. Let ϕ be any homomorphism from A X to A Y . Since 3 is the only fixed element of γ, ϕ must leave 3 invariant. Since 3 generates the subalgebra {0,1,2,3}, this subalgebra must be fixed pointwise under ϕ. Hence the sets nγ −1 (n ∈ {0, 1, 2, 3}) are invariant under ϕ; these are the sets κ, I × {0}, I × {1} and {0, 1, 2, 3}.
In particular by (b), ϕ is the identity on I × {0}. Thus by (c) and the invariance of I × {1}, (i, 1)ϕ = (i, 1) for all i ∈ I. This implies X ⊆ Y . Finally, since κ is invariant, ϕ must be the extension of an endomorphism of (κ, α, β) which is the identity outside κ. This establishes the existence of fully rigid systems of universal algebras. To get a fully rigid system of UFDs apply to this system a fully faithful functor preserving infinite cardinals from the category of universal algebras with three unary operations to the category of UFDs, see Braun [1] for the existence of such a functor.
From rings to groups
Fix an infinite set P of primes of Z and a partition
i=0 P i of it into three infinite subsets. We will consider rings R subject to the following conditions:
Recall that an abelian group A is p-reduced if
which is also a ring. The 3 × 3 upper triangular matrices over R form a nilpotent group of class 2. We identify it with
by associating (r 0 , r 1 , r 2 ) to
. The rule of the multiplication is
We come to Zalesskii's clever idea, see also [2] . Let G be the subgroup of H generated by particular elements depending on the P i 's:
3) This defines a functor G from the category of rings subject to (3.1) to the category of groups. G is defined on morphisms the obvious way, namely, for ϕ ∈ Hom(R 1 , R 2 ) let ϕ := ϕ ⊗ Z Q : R 1 −→ R 2 , ϕ H :=φ ×φ ×φ : H 1 −→ H 2 and finally ϕG the restriction of ϕ H . The important properties of this functor will be established in Theorem 6.1.
Structure of G
2)
The commutators of these generators will be crucial in what follows. Using (4.2) we have useful equalities
This also corrects a formula in [2, p. 348] . It is easy to see that
Now we are going to investigate the structure of G in more detail than in [2] . First we note that
Taking quotients componentwise is a natural group homomorphism
and clearly ker β = e 0 RP −2
2 × e 1 R × e 2 R, which we denote by N . The following isomorphisms can be seen immediately.
hence V is a direct sum of various elementary abelian p-groups. We identify
Note that β acts on G and, looking at the generators of G, we see that Gβ is the diagonal subgroup of V . From (4.6) and (4.17) we have that
N = ker β and
Gβ = (V ) ∼ = ⊕ p∈P R/pR.= ( 0, r p 0 , r p 0 ) ( 0, 1 p 0 , 1 p 0 ) ( 0, r + 1 p 0 , r + 1 p 0 ) −1 ∈ G (4.14) so e 0 RP −2 0 ⊆ G and clearly e 0 RP −1 ⊆ G ⊆ G. If (r 0 , r 1 , r 2 ) ∈ N then for any p i ∈ P i we have (r 0 , r 1 , r 2 ) = e 0 r 0 · e 2 r 2 · e 1 r 1 = e 0 r 0 · ( r 2 p 2 , 0, r 2 ) · e 0 ( − r 2 p 2 ) · ( r 1 p 1 , r 1 , 0 ) · e 0 ( − r 1 p 1 ) ∈ G (4.15) because ( r 1 p 1 , r 1 , 0 ) and ( r 2 p 2 , 0,rzG/G ∼ = RP −2 0 P −1 1 P −1 2 /(RP −1 + [R, R]P −2 0 ) ∼ = ⊕ p∈P 0 (R/[R, R
])/p(R/[R, R]). (4.18)
In order to determine the structure of G/G , we now assume that 2 / ∈ P 0 and show the following.
Lemma 4.1 zG/G = t(G/G ) is the torsion subgroup of G/G . Moreover, if 2 /
∈ P 0 and G is as above then the canonical short exact sequence of abelian groups
Proof. From (4.18) and (4.7), t(G/G ) = zG/G follows. Let
Then the image of δ is the diagonal subgroup (V ) of V . For computations note that any g = (r 0 , r 1 , r 2 ) ∈ G is mapped to some
with the property If (r 0 , r 1 , r 2 ) and s p ∈ R are as above then note that p = 2 so 2 is a unit mod p. We choose q p ∈ Z such that 2q p ≡ −1 mod p.
We leave it to the reader to check using (4.22) that is a well-defined homomorphism onto the abelian group Z(= zG/G ). Hence G ⊆ ker and induces a homomorphism : G/G −→ Z. By the definitions of ϕ and , ϕ = id zG/G . The short exact sequence splits.
Category of nilpotent groups of class 2
The groups G, G 1 , G 2 are assumed to be nilpotent of class 2 in this section. Hom C (G 1 , G 2 ) be the set of group homomorphisms mapping the center to the center.
Definition 5.1 (i) Let
(ii) Let us call a homomorphism ϕ :
(iii) The set of inessential homomorphisms are in a natural bĳection with the following abelian group, which we shall call the stabilizer of G 1 and G 2 :
(iv) Observe that there is a fix point free action of the stabilizer on Hom
(v) So we consider this action as an inessential perturbation of the homomorphisms. Thus we factor out by this action to obtain the essential homomorphism classes:
where the inclusion is given by sending ϕ on the left to its induced homomorphisms between the centers resp. the factors modulo the centers.
Note that composition of essential homomorphism classes makes sense. Hence we obtain the category Nilp 2 whose objects are the nilpotent groups of class 2 and whose morphisms are the essential homomorphism classes. Note also that the automorphism group of G in this category is Aut G/Stab G. Moreover, there is a 'natural' isomorphism between the groups stab(G, G) and Stab G since Stab G is simply the orbit of id G . Hence our definition of the stabilizer is a generalization of an old notion. We take the full subcategory Nilpt 2 of groups G with t(G/G ) = zG/G . Note that any group homomorphism between two such groups automatically preserves the center.
Hence the above notion of essential homomorphism class is more justified in this case.
Properties of G
By the trivial part of Lemma 4.1, the image of G lies in Nilpt 2 . Hence we can consider the functor G as a functor UFD −→ Nilpt 2 .
Theorem 6.1 The functor G is full, faithful and preserves infinite cardinalities. Moreover, the underlying sets of the image of the rings and the image of homomorphisms do not depend on the multiplicative structures of the rings involved, only on their additive groups and the homomorphisms involved.
Proof. G is obviously faithful and preserves infinite cardinalities. It is clear from (4.16) that the underlying sets and the image of homomorphisms is independent of the multiplicative structure of the rings. Now we are going to show that G is full. Let R 1 , R 2 ∈ UFD and G i := R i G (i = 1, 2). First we determine the homomorphisms between several induced groups using formulas (4.6), (4.17) and (4.7):
This is because by divisibility the natural image(s) of the ring is(are) invariant under every ϕ and so is the commutator subring in the first case. In the third case an obvious diagonal argument ensures that the three induced maps between the rings coincide. See [2, p. 348] for more details. Finally we consider any ϕ ∈ Hom(G 1 , G 2 ). The center and the factor modulo the center are fully invariant (see the last paragraph of Section 5), hence ϕ induces three maps in Hom(R (iii) For all α, β < 2 (v) The following exact sequence splits.
with H embedded in the same way in the automorphisms groups. Even the actions of Hom(G α /zG α , zG α ) and Hom(G β /zG β , zG β ) are the same.
Proof. Fix an infinite set P of primes with a partition P = P 0 ∪ P 1 ∪ P 2 to infinite subsets such that 2 / ∈ P 0 . With F from Section 2 and (R α ) α<2 κ from Corollary 2.1 define
Note that all the R α 's are commutative and satisfy Condition 3.1. (i) and (ii) follows from Corollary 2.1 and Theorem 6.1. Let X denote the common underlying set. (4.17) resp. (4.6) imply that the centers resp. commutator subgroups are the same. (3.2) shows that the product of an element in the center and any other element does not depend on the multiplication of the ring hence the cosets are the same. Together with (4.7), it implies that the factors modulo the centers are the same. Thus the groups Hom(G α /zG α , zG β ) act on the set of all maps X −→ X via (5.2) the same way for all α, β < 2 κ . This together with Corollary 2.1 and the fact that the images of ring homomorphisms do not depend on α by Theorem 6.1, implies that the endomorphism monoids of the G α 's coincide. H is isomorphic to Aut R α , which is embedded in Aut G α by G; this is the same embedding for all α. Now (vi) is obvious. 
Proof. By Theorem 6.1, the required system of groups can be obviously obtained by applying the functor G to a system of fully rigid UFDs as in Corollary 2.4.
